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Abstract. The method to determine parametric instability regions of the electromagnetic circuit of the 
secluded brush contact of brush-contact device with using the oscillation equation Mathieu II order for a 
dissipative system with one degree of freedom is developed. Recommendations on the selection of the 
parameters of the external damping device to eliminate the instability of electromagnetic waves in 
unstable working conditions brush-contact device are given. 
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I INTRODUCTION 
Energy turbine generators have a constructive unit, 
called brush-contact device (BCD) or subassembly of 
the sliding electrical contact (SSEC). Reliability of the 
turbine generator is determined, including, reliable 
operation of this device. On the brush are acting 
significant dynamic forces that lead to mechanical 
disturbances and interruption current [1, 2]. Also in 
the electrical circuits BCD arise electromagnetic 
resonance phenomena caused by the parametric 
modulation of the transition resistance and capacitance 
in the contact zone [3–6]. Described effect may cause 
increased brush-sparking, wear of contact parts, ring 
fire [7–10]. One of the important ways to reduce 
brush-sparking is the elimination of parametric 
resonance processes in electromagnetic circuits. To do 
this, we need to explore the regions of parametric 
instability of the oscillating system and to set 
appropriate limits on the functional parameters of the 
node [11–15]. We also will define characteristics of 
the external damping device to eliminate the 
instability of electromagnetic oscillations in unstable 
working conditions brush-contact device. These 
problems are important, since their decision will 
increase the reliability of BCD and of turbine 
generator as a whole.  
In this paper the problem of constructing the 
regions of parametric instability of the 
electromagnetic vibrating system BCD of turbine 
generator is solved analytically. Also, a technique of 
selecting the parameters for the brush-contact device 
test stand is shown. 
II MATERIALS AND METHODS 
Complete replacement scheme SSEC of the turbine 
generator is shown in Figure 1. 
In this scheme: 
1 2 1 2, ,... ; , ,...b b bn b b bnL L L R R R  are the inductance and 
the electrical resistance of the secluded brush contact 
at the first slip ring; 
 1 2 1 2' , ' ,... ' ; ' , ' ,... 'b b bn b b bnL L L R R R  are the inductance 
and the electrical resistance of the secluded brush 
contact at the second slip ring; 
1 2 1 2, ,... ; , ,...r r rn r r rnC C C R R R  are the transition 
capacitance and the resistance of the secluded brush 
contact at the first slip ring (variables parameters); 
1 2 1 2' , ' ,... ' ; ' , ' ,... 'r r rn r r rnC C C R R R  are the transition 
capacitance and the resistance of the secluded brush 
contact at the second slip ring (variables parameters); 
1 1,rw rwL R  are the inductance and the electrical 
resistance of the rotor winding; 
, ,es es esL R E  are the inductance, the electrical 
resistance and the electromotive force of energy 
supply of drive winding of the turbine generator; 
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Fig. 1.  The replacement scheme SSEC of the turbine generator.
 
1,2 2,3 , +1 1,2 2,3 , +1, ,... ; , ,...i i i iL L L R R R  are the 
inductance and the electrical resistance between the 
two secluded brush contacts at the first slip ring; 
1,2 2,3 , +1 1,2 2,3 , +1, ,... ; , ,...i i i iL L L R R R  are the 
inductance and the electrical resistance between the 
two secluded brush contacts at the first slip ring; 
1,2 2,3 , +1 1,2 2,3 , +1' , ' ,... ' ; ' , ' ,... 'i i i iL L L R R R  – the 
inductance and the electrical resistance between the 
two secluded brush contacts at the second slip ring. 
Consider the electrical processes in the electric 
circuit of the secluded brush contact. Equivalent  
circuit is shown in Figure 2. 
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Fig. 2.  Equivalent  circuit of the secluded brush contact. 
 The operator expression for the electric 
resistance in this circuit is presented: 
1( ) = + +1 1+ 1 1
RrZ p Lp R
R C pr r
. 
Then, the operator equation of the circuit is 
evident: 
( ) ( )
( )
=
,
2 + + + +1 1 11 1 1
= 1+ 1 1
LR C p L RR C p R R Ir r r r r
R C p Evr r
 
where 
= +1 esR R Rb , = +1 esL L Lb . 
Linear differential equation II order with periodic 
coefficients is obtained by  inverse Laplace 
transform. Voltage of winding excitation is given 
constant =esE const : 
( ) ( ) ( )
( )
''+ +1 '+ 1 1+ =1 1 1 1
= 1 .1 1
I R L R C I LC R R Ir r r r
LR C Er r es
 
(1) 
 
The research of the stability of the 
electromagnetic system, being described by the 
equation (1) is considered below. 
The differential equation of the following form 
2
( ) + ( ) + ( ) = 02
d q dq
A t B t C t
dtdt
, generally describes 
the parametric vibrations of a linear system. The 
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coefficients in this equation are dependent on 
parameters, that characterize the properties of 
parametric action. For certain values of the 
parameters, the solution may be unstable. A set of 
points form in the space of parameters regions of 
dynamic instability [11, 16, 17]. If the variable 
parameters are frequency of periodic parametric 
action, then the most interesting is the frequency 
ratio, called parametric resonance [11–17]. 
In this variant, oscillating motions are external 
parameters impact on the system. Vibrations are 
transmitted to the brush from the contact surface of 
the rotating collector ring. They entail periodic 
oscillations of the resistance and the capacitance of 
transition layer of the sliding contact [3, 4, 9, 10]. If 
depth of modulation parameters of the transition 
layer is high, then the system may be in the region 
of parametric resonance (brush-sparking, ring fire). 
To find the parametric resonances of the system, 
we will plot the boundary of instability, using 
oscillation equation Mathieu II order for a 
dissipative system with one degree of freedom [11]. 
Equation Mathieu has the form: 
0
2''+ 2 '+ (1+ 2 cos ) = 0I εI ω μ ωt I    (2) 
Lead the equation (1) to the form of the Mathieu 
equation (2). Assign = , =R const L const . We 
assume that the transition capacitance 1Cr and the 
transition resistance 1Rr  of the secluded brush 
contact vary harmonically with the frequency ω , 
amplitude ,r ca a  and constant component 0 0,R C  
[3–5]: 
1 0( ) = (1± cos );r RR t R ε ωt
1 0( ) = (1± cos ),r CC t C ε ωt  
where 0=R Rε a R , 0=C Cε a C are the parameters 
of the modulation depth , 0R Cε ε  . 
 Approximately find the coefficients for the 
Mathieu equation [11, 16, 17]: 
0ω is the natural frequency of electromagnetic 
oscillations in this circuit, 
0 0
0
12 = (1+ )ω R R
LC
; 
μ is the total modulation depth of the oscillating 
circuit (excitation coefficient), 
0
2 = + ;
+C R
Rμ ε ε
R R
 
ε  is the damping parameter of electromagnetic 
oscillations (dissipation), 
0 0
1
2 = + ;
Rε
L R C
 
ω  is the frequency of parametric action (frequency 
of vibrations). 
Plot the boundary of instability for the dissipative 
system on in the plane 0, = 2μ η ω ω . For 
calculation boundaries of instability are taken the 
following formulas. For the first instability region 
(basic parametric resonance): 
 
For the second instability region: 
 
where 0= 2υ πε ω – decrement of free oscillations. 
III RESULTS AND DISCUSSION 
For calculations the parameters of the brush-
contact device test stand are taken (Tables 1) [18–
20]. 
Tables 1 
The parameters of the test stand  
Rsv, Ω Lsv, mH Rb1, m Ω Lb1, nH εR , εC 
1.3 0.3 0.8 75 0.5 
Calculations for several values 0 0,R C  are given 
in Tables 2: 
Tables 2 
Calculations data 
C0, nF R0, Ω ω0, rad/s ε υ 
200 40 1.31E+05 5.21E+04 2.507 
200 70 1.30E+05 3.79E+04 1.827 
200 90 1.30E+05 3.00E+04 1.447 
200 200 1.30E+05 1.47E+04 0.712 
 
According to the calculations we plot graphs in 
Fig. 3 
 
Fig. 3. The instability regions for equivalent circuit of the brush-
contact device test stand: 
1 and 1` are the boundaries of the first and the second instability 
regions, 0 = 200ΩR ; 2 and 2` are the boundaries of the first 
and  the second instability regions, 0 = 90ΩR ; 3 and 3` are the 
boundaries of the first and the second instability regions, 
0 = 70ΩR ; 3 and 3` are the boundaries of the first and the 
second instability regions, 0 = 40ΩR . 
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As can be seen from the graphs, the instability 
region appears at a sufficiently high resistance 
value 0R . With the growth of 0R , the boundaries of 
the instability regions shift toward lower values of 
the modulation.  
A similar calculation for several values of the 
transition capacitance 0C  shows that there is an 
inverse relationship: at the growth of 0C , the 
boundaries of the instability regions shift toward 
high values of the modulation. 
Analysing the instability regions with value of 
the modulation factor calculated by the formula (4), 
we can see whether the processes of circuit 
stability. 
Calculated modulation factor for the circuit 
μ = 0.256.  Thus, EM circuit gets into the region of 
parametric resonance when 0 = 180ΩR , Fig 4.  
 Fig. 4. The instability regions for the equivalent circuit of the 
brush-contact device test stand: 
1 and 1` are the boundaries of the first and the second instability 
regions, 0 = 200ΩR ; 2 is the line μ = 0.256. 
 
According to Fig.4 define the values of the 
decrement of free oscillations 0= 2υ πε ω , in which 
the circuit will be unstable. 
 
Tables 3 
Values determined from Figure 4 
  η ω, rad/s f, kHz 
start value 1.0577 2.74E+05 43.6 
final value 0.9387 2.43E+05 38.69 
 
So, if the frequency of external vibrations will be 
in the range from 43.6 kHz to 38.69 kHz 
investigated circuit will be unstable. 
 Thus, we have found the possible regions of 
parametric instability with the frequency of 
vibrations ω for the electromagnetic circuit of 
secluded brush contact, for given values of the total 
modulation depth μ, of the natural frequency of 
electromagnetic oscillations ω0 and of the 
dissipation ε. 
 To exclude the parametric resonance should be 
avoided working condition in which mean values of 
transition capacitance and resistance of sliding 
contact exceeds allowed value.  
Whenever it is impossible we propose the 
introduction in the electromagnetic circuit the 
external damping device [21]. Its main element is 
the additional capacitor installed between the 
working brush and the slip ring. 
The equivalent circuit and the calculations of EM 
circuit with the additional capacitor for the secluded 
brush contact are presented. 
Cr1
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Fig. 5.  The equivalent circuit of the secluded brush contact 
with the additional capacitor. 
For this circuit the linear differential equation II 
order with periodic coefficients in the form of the 
Mathieu equation (2) is offered: 
( )( )
( )( ) ( )
( )( )
+1
+1
+ ,1
''+ +1 '+1
+ 1 1+ =1
= 1 1
C Cr addes es
C Cr addes es
C Cr addes
I R L R Ir
L R R Ir
L R Er es
 
Where   
 
The coefficients for the Mathieu equation are 
evident: 
( )
2
0 1
1
1
= (1+ );
+ es rr add
ω R R
L C C
 
( )1 1
1
2 = + .
+
es
es r r add
Rε
L R C C
 
The parameters of the brush-contact device test 
stand with the additional capacitor Cadd for the plot 
instability regions are given in Tables 1, 5 [18–20].  
 
Tables 4 
The parameters of test stand  
Rsv, Ω Lsv, mH Rb1, m Ω Lb1, nH εR , εC 
1.3 0.3 0.8 75 0.5 
 
According to the calculations we plot graphs in 
Fig. 5. 
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Fig. 5. The instability regions for the equivalent circuit of brush-
contact device test stand with the additional capacitor: 
1 and 1` are the boundaries of the first and the second instability 
regions, 0 = 200ΩR ; 2 is the boundary of the first instability 
region for the test stand with the additional capacitor Cadd. 
 
As can be seen from the graphs when we add the 
additional capacitor the boundary of instability 
region shifts toward higher values of the 
modulation. 
Calculated modulation factor for the circuit 
μ = 0.256. Thus, circuit with the additional 
capacitor is not gets into a region of parametric 
resonance. By increasing the value of additional 
capacitor, the instability regions completely 
disappear.  
IV CONCLUSION 
In electrical circuits brush-contact device arise 
electromagnetic resonance effects,   which may 
cause increased brush-sparking and wear, as well as 
a ring fire. This occurs when the frequency of 
parametric mechanical modulation of the transition 
resistance and the transition capacitance of sliding 
contact coincides with natural oscillations of EM 
circuit of brush-contact device.  
We have developed the method to determine 
parametric instability regions of the 
electromagnetic circuit of the secluded brush 
contact of brush-contact device, leaning upon the 
following parameters:  
- the frequency of parametric action (frequency 
of modulation of parameters of transition 
layer) ω ;  
- the total modulation depth of the oscillating 
circuit of transition capacitance and resistance 
in the contact zone μ ; 
- the natural frequency of electromagnetic 
oscillations in circuit of the secluded brush 
contact, 0ω ; 
- the damping parameter of electromagnetic 
oscillations ε . 
Recommendations on the selection of the 
parameters of the external damping device to 
eliminate the instability of electromagnetic 
oscillations in unstable working conditions brush-
contact device are given. 
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